




























































































Genomics of rapid Evolution in Novel Environments
A Coordinated Distributed Evolution Experiment with Arabidopsis thaliana

coverage-all

Fig. S6 | Correlation between raw frequencies and SNP caller fields (all coverages)
The x-axis shows the allele frequency of a biallelic SNP based on bam/pileup format where raw ratios
of alternative and reference bases are computed, and is shared across all comparisons. The y-axis
shows the allele frequency of the same biallelic SNPs as inferred from the allelic depth (“AD”) VCF
field from SNP calling outputs. Deviations from the y=x axis likely reveal artifacts created by SNP
calling softwares. Each row presents three typical callers: BCFtools, freebayes, and GATK. Each
column represents different calling mode or filterings: ‘free’ or discovery SNP calling, guided SNP
calling at known variable positions from the 1001 Genomes, and subset of SNPs to bona fide of
1,353,386 biallelic SNPs from the 515g subset of the 1001 Genomes.
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Coverage 50-100X

Fig. S7 | Correlation between raw frequencies and SNP caller fields (50-100X)
Same as Fig. S5 for coverage 50-100X.
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Coverage-100-250

Fig. S8 | Correlation between raw frequencies and SNP caller fields (100-250X)
Same as Fig. S5 for coverage 100-250X.
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Coverage-250-500

Fig. S10 | Correlation between raw frequencies and SNP caller fields (250-500X)
Same as Fig. S5 for coverage 250-500X.
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Fig. S11 | The problem of SNP calling for Pool-Seq using diploid callers
The figures show that the frequency of variants in the 1001 genomes or the 231 genomes subset is
negative exponential, as expected from the Site Frequency Spectrum. The frequency calling of seeds,
with high coverage, appears to be biased for intermediate frequencies in GATK HaplotypeCaller but
retains the exponential decay using ratios of bases based on pileup using grenedalf in the last panel.
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Fig. S12 | Allele frequencies in the 2 equal mass DNA pool using different quality filters.
Histograms of allele frequencies from a pooled library of 2 distinct ecotypes and the expectation of
50% (black line). (A) Allele frequencies without any filter show the great majority of alleles must be
artifacts, as there is a high point mass close to 0 frequency. (B) Reduction of likely artifacts, yet still
high noise, using quality filters of bases with PHRED score above 30 (Q30) and from reads with
mapping quality over 60 (q60) and for reads where forward and reverse map to the same region (f).
(C) Subsetting allele frequencies to only those SNP found in the 1001 Genomes (1001 Genomes
Consortium, 2016) with the highest quality 1.3 Million from (Exposito-Alonso et al. 2019) mostly
removes all the noise signal with the exception of some rare variants. (D) Final removal of SNPs with
only 1 or 2 bases supporting the alternative allele (minimum allele count >2) finally leaves a clean
Binomial distribution of allele frequencies (owed to limited coverage) around the expected 50%.
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Fig. S13 | Example random Binomial draws and recovered allele frequencies
The distribution from Fig. S12D is compared to a random Binomial distribution with expected
average frequency 50% (gray) and the same coverage distribution as the empirical sample.
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Fig. S14  | Fraction of DNA contribution to Pool-seq for a 2-flower pool and a 2-leaf pool
Dispersal of allele frequencies from the expected 50% (black vertical lines) for a pool of 2 DNA

sources at equal concentration (red, A-C) and two flower pools (D-F). Both replicated three times.
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Fig. S15 | Fst distributions between all pairs of seed libraries.
Here, we computed Fst between all pairs of seeds (Experiment 1) in windows of 10k base pairs
across all five chromosomes, based on frequencies from the mapped data (bam/pileup files). The
window size was chosen to roughly fit the expected LD decay in A. thaliana. The boxes show the
25th, 50th, and 75th percentiles (i.e., quartiles), with whiskers extending to 1.5 times the
interquartile range (distance between the first and third quartiles). Data points outside this range are
plotted as individual points. The overall average Fst between all pairs is 0.0208, shown here as a gray
vertical line, which represents the biological and statistical noise in population structure between
replicates, and hence is the lower bound and baseline that we expect in other comparisons of Fst, as
shown below.
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Fig. S15 | Fst distributions of all replicates of E&R (Exp. 4).
Here, we used the data from Experiment 4, which are three technical replicates (R1-R3) grown from
the same seed mix (here encoded as “time point” T0), where flowers were collected at three
different time points (T1-T3) during flowering time in the spring of 2016. We here show Fst between
all pairs of replicates, across all time points, in windows of 10k base pairs across all five
chromosomes. The window size was again chosen to fit the expected LD decay in A. thaliana.
Properties of the box plots are as above in Figure S11. The mean Fst, again represented as a gray
vertical line here, is 0.0775, which is more than three times the value of the seed baseline of 0.0208
in Figure 11. Note that the Fst of pairs that involve Replicate 1 is higher than that of the R2 vs R3
pairs. This is likely because R1 suffered a disturbance in the soil that could have created a bottleneck
in this population and hence increased differentiation.
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Fig. S16 | Fst distributions of Time 0 and all replicates in E&R (Exp. 4).
Here, we used the data from Experiment 4, which are three technical replicates (R1-R3) grown from
the same seed mix (here encoded as “time point” T0), where flowers were collected at three
different time points (T1-T3) during flowering time in the spring of 2016. We here show Fst between
the seeds and the flowering time points for each replicate, in windows of 10k base pairs across all
five chromosomes. The window size was again chosen to fit the expected LD decay in A. thaliana.
Properties of the box plots are as above in Figure X. The mean Fst across all replicates and
timepoints, again represented as a gray vertical line here, is 0.0766, which is more than three times
the value of the seed baseline of 0.0208 in Figure X. This indicates that even within one generation
(from seeds to flowers), there is some differentiation happening, which suggests that rapid adaptation
to the local environment of the field site has taken place.
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B

C

Fig. S17 | Example genome-wide FST scan of E&R (Exp 4).
Genome-wide FST calculated using grenedalf for replicate 2 between Timepoint 0 and Timepoint
1 (A), Timepoint 2 (B), and Timepoint 3 (C). SNPs overlapping with the Flowering Locus C (FLC)
gene are highlighted in green (zoom in of the region in main Fig. 7). Only SNPs part of the bona fide
11,769,920 biallelic SNPs are shown.
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Fig. S18 Example genome-wide FST scan of E&R (Exp 4).
Genome-Wide association of seed set in four key conditions from Exposito-Alonso et al. 2019.
Along with condition Tübingen-high precipitation-population replicate (“thp”, Fig. 7), condition
Madrid-low precipitation-individual replicate (“mli”) also show signs of SNP association to seed set
within as well as the putative promoter region of the FLC gene (dotted box).
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Fig. S19 | Example genome-wide FST scan of E&R (Exp 4) with 10Kb window averages.
Genome-wide FST averages over 10Kb regions for the same samples as Fig. S17. Multiple areas in the
genome show high differentiation.
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Supplementary Text:
Pool-Sequencing corrections for population genetic statistics

Lucas Czech, Jeffrey P. Spence, and Moisés Expósito-Alonso
Correspondence: moisesexpositoalonso@gmail.com, luc@s-cze.ch

This document describes our assessment of pool-sequencing-specific equations for population genetic measures of
diversity (such as θπ, θWatterson, Tajima’s D), and differentiation (such as FST). We re-render some approaches
originally presented and implemented in PoPoolation [10] and PoPoolation2 [11]. The aim of these equations is
to correct for biases of pool sequencing, such as limited sample size (number of individuals pooled, or pool size n)
and limited read size (number of reads obtained from those individuals, or coverage C).

This document is largely based on two sources:

• The reverse-engineered code of PoPoolation and PoPoolation2. We want this document to represent the
equations that are actually computed when running these programs, as we feel that they need a more thorough
assessment than what is available in the current literature.

• The PoPoolation equations document correction equations.pdf as found in their code repository; we provide
a copy at https://github.com/lczech/popoolation/blob/master/files/correction equations.pdf. This document de-
rives some of the equations implemented, but also contains some more that might be interesting for a deeper
understanding of the topic.

Lastly, we here introduce novel estimators for FST for pool sequencing data, that correct for both biases described
above.

DISCLAIMER: This is a draft document (last updated 2022-02-02) that describes the equations as
implemented in PoPoolation, to the best of our knowledge. We aim to make this public to discuss
our new implementation and novel methods improving on PoPoolation with its developers and the
research community. Please reach out to us if you have comments or feedback.

1 Definitions

1.1 Pool Sequencing Data

We first define the input that we assume to be given for all subsequent equations. In the software implementation of
the equations, these are be based on the input data, or set by the user as parameters.

n : Pool size, provided by the user. This is the number of individuals that were pooled together for sequencing.

C : Observed coverage. This is the number of reads sequenced from the pool that span the given position in the
genome.

b : Minimum allele count, provided by the user. We do not want to consider SNPs with fewer than b alternative
reads in the data, as they might be sequencing errors. Note that we assume b to be a user-provided constant, and
hence leave it out of (most) function arguments for simplicity.

1.2 Notation

τ : Nucleotides, with τ ∈ {A, C, G, T}.

cτ : Nucleotide counts, i. e., how many reads have a certain nucleotide τ at a given genomic position. Hence,
C =

∑
τ

cτ .

c : Vector of nucleotide counts (for convenience), i. e., c = ( cA, cC, cG, cT ).
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fτ : Nucleotide frequencies, i. e., fτ = cτ /C.

f : Vector of nucleotide frequencies (for convenience), i. e., f = ( fA, fC, fG, fT ).

u, v : For biallelic SNP positions, we simplify, and instead of the four cτ values, just use u for the count of the
reference (major, or “first”) allele, and v for the count of the alternative (minor, or “second”) allele. We here leave
it open whether the reference allele is defined by some reference genome, or simply the major (highest count) allele.
In the PoPoolation notation, this means that u ∧= m, or sometimes u ∧= i; PoPoolation uses both, depending on
context, and v ∧= C − m, or v ∧= C − i.

m : Index of summation over potential levels of coverage C.

k : Index of summation over potential pool sizes n.

1.3 Harmonic Numbers

We define a1 and a2 based on (generalized) harmonic numbers, as the sum of (squared) reciprocals of the first n − 1
positive integers:

a1(n) =
n−1∑
k=1

1
k

(1)

a2(n) =
n−1∑
k=1

1
k2 (2)

These will be needed in several of the below equations. We use this notation as a compromise between Equation
(3.6) of Hahn (2018) [5] and the notation of an and bn used in Achaz (2008) [1] for these quantities. Note that the
standard definition of harmonic numbers H(n) includes the n-th element, which the above definition does not.

2 Theta Pi

First, we derive equations for θπ, also called Tajima’s π, based on its original (classic) definition, but correcting for
biases introduced by pool sequencing, following PoPoolation.

We have two aims. First, to produce an unbiased estimator of θπ based on pool size and coverage-induced noise, and
second, to derive an expectation of the “population mutation rate” θ from the former estimator.

Unbiased Pool-seq estimator of θπ for biallelic SNPs

We first define θπ, as usual, as the heterozygosity based on the allele frequencies at a given locus:

θπ(f) = n

n − 1

(
1 −

∑
τ

f2
τ

)
(3)

using the possible nucleotide frequencies f = ( fA, fC, fG, fT ), with τ ∈ {A, C, G, T}, with Bessel’s correction for
the number of sequences n (which is the equivalent of individual sequencing for our pool size n). See for example
Equation (3.1) of Hahn (2018) [5] for the original definition for individuals.

In the pool-sequencing case, however, we have a coverage of C reads at a given position in the genome. We hence
can use nucleotide counts cτ instead, that is, fτ = cτ /C. We furthermore use Bessel’s correction C

C−1 based on the
read coverage to obtain an unbiased estimate, and reformulate the above as:

θπ(c, C) = C

C − 1

(
1 −

∑
τ

c2
τ

C2

)
(4)

At this point, the PoPoolation equations document begins to simplify the above equation, and then breaks it down
for biallelic SNPs. However, their (and our) implementation differ from this, and use the above equation that can
work with any (not just biallelic) SNPs. We hence do not introduce these simplifications here. Note however that
the computation is still only conducted on biallelic sites, as the correction term introduced below assumes this.
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Expected value of population mutation rate θ from nucleotide diversity

We now use the expectation of the θπ estimator to infer the population mutation rate θ̂, accounting for noise generated
by the total coverage C and pools of n individuals. We assume a biallelic site, and use expectations from a neutral
site frequency spectrum under constant population size:

E(θπ|C, n) = P (SNP|n) ·
C−b∑
m=b

θπ(m, C) · P (m|C, n) (5)

In words, the expected value is computed by summing all possible SNP counts (that exceed the minimum count b)
that can occur in a pool with coverage C (using the first/major allele count m here, with second/minor allele count
C − m implicit), weighted by the probability to have each of those counts, and scaled by the probability to have a
SNP in the first place.

Here, we are using the minimum allele count b that we want to consider (as provided by the user), meaning that
we only consider SNPs that have at least b reads for either the first or second allele. As we are only using the first
allele count m in the equation above, and do not know which of the two counts is the larger one, we “sandwhich”
our potential values for the coverage between b and C − b.

The two probabilities used above are computed as follows.

P (SNP|n) is the probability of observing a SNP in a pool of n individuals:

P (SNP|n) = θ

n−1∑
k=1

1
k

= θa1(n) (6)

Assuming that all variation is neutral, and that the population is of constant size and in mutation-drift equilibrium,
by definition, θ = E(S/a1(n)) with S segregating sites. Then, the a1 terms cancel out, meaning that Eq. (6) yields
the proportion of variable sites.

P (m|C, n) is the probability of observing m as first allele count in a SNP with C reads from a pool of dimension n:

P (m|C, n) = 1
a1(n)

n−1∑
k=1

1
k

P (m|C, n, k) (7)

P (m|C, n, k) is the probability of having a first allele count of m observed in C reads that were taken from a pool of
n individuals with first allele count of k. That is, m is the allele count in the reads, and k is the allele count in the
pool:

P (m|C, n, k) =
(

C

m

)(
k

n

)m (n − k

n

)C−m

(8)

In words, P (m|C, n, k) follows a binomial distribution, with m successes out of C trials with a success probability of
k/n for each trial. That is, we compute how likely it is to observe m as the first/major allele count in C reads, given
the frequency k/n of the major allele in the pool. Again, the count of the second/minor allele is implicitly used here
as C − m.

Starting from Eq. (5), we can now put this together:

E(θπ|C, n) = P (SNP|n) ·
C−b∑
m=b

θπ(m, C) · P (m|C, n)

= θa1(n) ·
C−b∑
m=b

2u(C − m)
C(C − 1) · 1

a1(n)

n−1∑
k=1

1
k

(
C

m

)(
k

n

)m (n − k

n

)C−m

(9)

Final approximation for population mutation rate Theta

We can now solve this for θ to define our final corrected estimate θπ,pool.

θ ≈ E(θπ|C, n)
a1(n) ·

∑C−b

m=b
θπ(m, C) · P (m|C, n)

(10)
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This only leaves the E(θπ|C, n) term unresolved, which we however can estimate from our data using the classic
estimator as shown in Eq. (4); note however that this is only evaluated on biallelic SNPs that have at least a count
of b. In total, this yields:

θπ,pool(c, C, n) :=
C

C−1

(
1 −

∑
τ

c2
τ

C2

)
∑C−b

m=b

2m(C−m)
C(C−1) ·

∑n−1
k=1

1
k

(
C
m

) (
k
n

)m (n−k
n

)C−m
(11)

Note that the a1 terms cancel out, and that the denominator only depends on the total coverage C and the pool
size n (and not on any allele counts cτ ), and hence only needs to be computed once per coverage level, yielding a
significant computational speedup.

The above computation is for a single variant site. For a whole region or window, the values of θπ,pool(c, C, n) are
simply summed up. This is the equation as implemented in PoPoolation as the measure called pi, and implemented
in our grenedalf as well.

3 Theta Watterson

For Watteron’s estimator θw, we follow the same approach as above. In order to derive the pool-sequencing corrected
equations, we first define θw as usual:

θw(u, C) = S(u)∑C−1
k=1 1/k

(12)

where classically, S is the number of segregating sites, see for example Equation (3.5) of Hahn (2018) [5]. We are
here working with a biallelic SNP at a single site, which as before we only want to consider if its count is within the
limits of the minimum allele count b, and so we define:

S(u) =
{

1 if b ≤ u ≤ C − b

0 otherwise
(13)

Reasoning the same as above, we get the expected value of θw as:

E(θw|C, n) = P (SNP|n) ·
∑C−b

m=b
P (m|C, n)∑C−1

k=1 1/k

with the two probability terms again as in Eq. (6) and Eq. (7). For conciseness, we here only resolve P (SNP|n):

= θa1(n) ·
∑C−b

m=b
P (m|C, n)∑C−1

k=1 1/k
(14)

We can again solve this for θ, to get our corrected estimate:

θ ≈ E(θw|C, n) ·
∑C−1

k=1 1/k

a1(n) ·
∑C−b

m=b
P (m|C, n)

(15)

Again we can use the classic value θw(u, C) of Eq. (12) for the expected value E(θw|C, n), so that the summation
over 1/k in the numerator and in θw(u, C) cancel out here. We can now define our estimate:

θw,pool(u, C, n) := S(u)
a1(n) ·

∑C−b

m=b
P (m|C, n)

We can now replace P (m|C, n) according to Eq. (7) and Eq. (8). The a1(n) terms in the denominator and in
P (m|C, n) cancel out, leading to the final equation:

= S(u)∑C−b

m=b

∑n−1
k=1

1
k

P (m|C, n, k)

= S(u)∑C−b

m=b

∑n−1
k=1

1
k

(
C
m

) (
k
n

)m (n−k
n

)C−m
(16)

4

.CC-BY-NC 4.0 International licenseperpetuity. It is made available under a
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in 

The copyright holder for thisthis version posted February 4, 2022. ; https://doi.org/10.1101/2022.02.02.477408doi: bioRxiv preprint 

https://doi.org/10.1101/2022.02.02.477408
http://creativecommons.org/licenses/by-nc/4.0/


As before, the denominator only depends on the coverage C, and hence only needs to be computed once per coverage
level that is present in the data.

Again, the approach to compute this for a window is to sum up all values across the SNPs in the window. This is
the equation as implemented in PoPoolation as the measure called theta, and implemented in our grenedalf as
well.

4 Tajima’s D

Above, we have defined pool-sequencing corrected estimators θπ and θw. Now, we want to use them to define a test
akin to Tajima’s D for pool sequencing. We are here again following the PoPoolation approach, and re-derive their
equations.

4.1 Pool-Sequencing Correction

The PoPoolation equations document derives the following estimator. To the best of our knowledge, this is however
not implemented in PoPoolation; instead, they compute Tajima’s D as presented in the following Section (4.2).
We still introduce the approach here, for reference, and in the hope that it might be helpful.

First, we define:

dpool(u, C) := θπ,pool(u, C) − θw,pool(u, C) (17)

using the major allele count u at a site with coverage C, and use this to define our statistic:

Dpool(u, C) := dpool(u, C)√
Var(dpool(u, C))

(18)

In order to compute the variance of dpool (leaving out function arguments for simplicty), we start with the standard
expansion of the variance:

Var(dpool) = E(d2
pool) − E(dpool)2

At this point, we use that dpool is unbiased (for populations at equilibrium) , and hence has an expected value of 0,
that is, E(dpool)2 = 0. The PoPoolation equations document notes that this is only true if they did their previous
calculations correctly, but we trust they did .

Then, we can compute the variance as:

Var(dpool) = E(d2
pool)

= P (SNP|n) ·
C−b∑
m=b

d2
pool(m, C) · P (m|C, n)

which can be resolved using equations Eq. (6) and Eq. (7) from previous sections:

= θ ·
C−b∑
m=b

(θπ,pool(m, C) − θw,pool(m, C))2 ·
n−1∑
k=1

1
k

(
C

m

)(
k

n

)m (n − k

n

)C−m

(19)

This leaves θ to be estimated. PoPoolation suggests to estimate it as θπ,pool on the same window on which we are
computing Dpool. This assumes that all individuals contribute the same number of reads to the pool.

The first summation in Eq. (19) involves computing θπ,pool and θw,pool repeatedly C − 2b many times, with each of
these computations involving to compute their respective denominators, as shown in Eq. (11) and Eq. (16). However,
as C remains constant throughout this computation, these denominators (the correction terms) are identical, so that
we only need to compute them once, to gain a ≈ C-fold speedup.

At this point, the PoPoolation equation document also introduces an approach to compute Tajima’s D based on the
above in windows. We here skip this part for brevity.
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4.2 Integration with Classic Tajima’s D

On large windows, the classic Tajima’s D is not a measure of significance (in number of standard deviations away from
the null hypothesis), but instead is a measure of the magnitude of the divergence from neutrality. This is because all
loci are considered completely linked, even if they are not in reality.

However, the above pool-sequencing Tajima’s D instead consideres all loci as completely unlinked, and thus represents
the number of standard deviations away from neutrality. Therefore, it gives a different numerical result that has a
much higher absolute value compared to classic Tajima’s D.

Now, we want to obtain a correction term for the pool-sequence Tajima’s D to obtain values that are comparable
to classic Tajima’s D in non-small windows, that is, we want a measure of the magnitude of the divergence from
neutrality. We again follow the PoPoolation approach, and here derive the equations that are actually implemented.

Approach by Achaz

To this end, PoPoolation2 uses a modified version of the Y ∗ test of Achaz (2008) [1], which was originally developed
as a test for neutrality despite the presence of sequencing errors. This test only works when excluding singletons,
that is, we set b := 2 for this part.

Following PoPoolation and Achaz (2008) [1], we first define:

f∗(n) = n − 3
a1(n) · (n − 1) − n

(20)

which is then used to define:

α∗(n) = f∗2 ·
(

a1(n) − n

n − 1

)
+ f∗ ·

(
a1(n) · 4(n + 1)

(n − 1)2 − 2 · n + 3
n − 1

)
− a1(n) · 8(n + 1)

n(n − 1)2 + n2 + n + 60
3n(n − 1) (21)

and:

β∗(n) = f∗2 ·
(

a2(n) − 2n − 1
(n − 1)2

)
+ f∗ ·

(
a1(n) · 8

n − 1 − a1(n) · 4
n(n − 1) − n3 + 12n2 − 35n + 18

n(n − 1)2

)

− a1(n) · 16
n(n − 1) + a1(n) · 8

n2(n − 1) + 2(n4 + 110n2 − 255n + 126)
9n2(n − 1)2 (22)

Note that these equations were originally developed for data from individuals, and hence here, n denotes the number
of individuals as if we were doing individual sequencing.

NB: The PoPoolation document recommends to counter-check the correctness of their equation with the original of
Achaz (2008) [1]. In fact, PoPoolation introduced a slight mistake in the last term of β∗, which we have fixed here.
Above is the (hopefully) correct one, following Achaz (2008) [1]. Note that the mistake only concerns the PoPoolation
equations document, but not their implementation.

The number of individuals sequenced

The only unresolved parameter is n, which corresponds to the number of individuals sequenced – if we were to do
individual sequencing. In our case of pool sequencing, according to PoPoolation, we can reasonably substitute this
with the expected number of distinct individuals sequenced.

To this end, we use the coverage C, as well as the pool size n, which we here use as our substitute for the number
of individuals sequenced. Then, we define ñ (called ñbase in the PoPoolation equations document) as the expected
number of individuals from our pool that have been sequenced:

ñ =
T∑

k=1

k∑
j=1

(−1)k−j · k

(
n

k

)(
k

j

)(
j

n

)C

(23)
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where T = max(C, n); if n is much larger than C, we can assume ñ ≈ C. Our substitute ñ is then obtained by
averaging ñ over the window W .

Computing the expected number of distinct individuals sequenced corresponds to the following statistical question:
Given a set of integers A = {1, . . . , n} (corresponding to individuals), pick a set B of C elements from set A with
replacement (corresponding to reads); what is the expected number of distinct values (individuals) that have been
picked in B (that we have reads from)?

PoPoolation computes this value by brute force using Eq. (23), that is, by trying all possible ways to pick numbers
from the set. However, there exists a closed form solution to this question, which yields massive speedups for larger
coverages, which we have implemented.

One way to arrive at the closed form expression is as follows: Define an indicator random variable Ii for 1 ≤ i ≤ n
as 1 if individual i is present in the set B (that is, if individual i has been sequenced), and as 0 if not. Then, the size
of set B is simply

∑n

i=1 Ii.

The probability that Ii equals 1 (that is, that individual i has been sequenced) for any i is given by:

P (Ii = 1) = 1 −
(

n − 1
n

)C

(24)

In words, this is the complement of not picking i in all of the C picks from set A.

The expected size of the set B can then be computed by linearity of expectation for all i, yielding our closed form
expression:

ñ = n

(
1 −

(
n − 1

n

)C
)

(25)

This is equation that we compute in our implementation to arrive at ñ for a given coverage C and poolsize n.

Final estimator for D

Now that we have a way of computing a reasonable value for the number of individuals sequenced, we can finally
define the estimator:

D̃pool = θπ − θw√
|W |−1 · α∗(ñ) · θ + β∗(ñ) · θ2

(26)

following PoPoolation and Achaz (2008) [1]. This requires b = 2; furthermore, PoPoolation suggests to use “not too
small” windows. We are using the size |W | of the window here, that is, the total length along the genome, which is
typically much larger than the number of SNPs in the window . The θ used in the denominator is simply θw again.

The above is the estimator as implemented in PoPoolation and in our implementation.

4.3 Assumptions and Biases

In the above computation of the correction term for Tajima’s D for pool sequencing, several assumptions are made
that lead to the resulting estimator being conservative, i. e., yielding smaller values that what would be expected
from individual sequencing of samples. Based on the explanation in the PoPoolation manual (most of the text in this
section is copied from there), we here explore the underlying assumptions and biases.

The locally fluctuating coverage is replaced by the minimum coverage. This makes the variance estimator larger, and
therefore leads to conservative estimates of Tajima’s D.

The random number of different individuals sequenced under a given coverage C is replaced by its expected value ñ.
This assumption should not affect the results much: If the pool size is large compared to the coverage, sequencing
the same individual more than once is uncommon.

Furthermore the number of different individuals sequenced will have a low variance. As we are working with the
minimum coverage, ñ will be biased downwards, tending to give a conservative estimate of the variance.

At different positions, the subsets from the pool are sequenced might be different. Their coalescent histories will
be correlated but not identical. As the classical equations for Tajima’s D are for single samples sharing a common
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coalescent history, there is more independence in the data than assumed with the classical formula. This again should
make the variance approximation more conservative.

Summing up, the approximate variance in the above equations provides a conservative approximation, and the values
for Tajima’s D will tend to be smaller than those that would be expected for an experiment based on individual
sequencing of single samples.

Lastly, the PoPoolation code repository contains a plot showing the correlation between the classical Tajima’s D and
the corrected Tajima’s D using the equations described above; please see here, where the x-axis corresponds to the
classical value, and the y-axis the the corrected one. This plot has been made with real-world data from Drosophila
with a coverage of 12, a window size of 500 and a minimum count of 1.

4.4 PoPoolation Bugs

From our assessment of the PoPoolation code, and from personal communication with Robert Kofler, we suspect
that the implementation of the above D̃pool in PoPoolation ≤ v1.2.2 contains several bugs, which alter the numerical
results of the computation of Tajima’s D. At the moment, we are in contact with Robert Kofler, are still verifying
these bugs, and are investigating their consequences. We here want to thank Robert for his positive reply and his
support regarding our questions.

5 Fixation Index FST for Pool-Seq

In this section, we will derive unbiased estimators of various measures of heterozygosity in two populations for
Pool-sequencing data. These will then be combined to obtain “sample-size” and “pool-size” corrected estimators of
two definitions of FST. On top of these two novel estimators for FST in the pool-sequencing context, we also walk
through the two existing estimators as suggested by Kofler et al. (2011b) [11] and Karlsson et al. (2007) [9]. Both
are implemented in PoPoolation2, and are called the “classical” or “conventional pool sequencing” approach, and
the “Karlsson approach adapted to digital data”, respectively, in Kofler et al. (2011b) [11]. We compare all four
approaches to each other, and show that the “classical” approach is biased for lower coverages or small pool sizes,
and the Karlsson approach is biased for small pool sizes (bias on the order of 1/pool size). See also Hivert et al.
(2018) [7] for an assessment of FST in the pool-sequencing context.

There are several non-equivalent definitions of FST. The overall goal is to measure some degree of differentiation
between two populations, which can be represented as a proportion of variation that cannot be explained by variation
within populations. What is unclear is a proportion of what variation? There are two natural candidates leading to
two related, but distinct definitions of FST. The first definition, which we will call FNei

ST following Nei (1973) [12],
considers the proportion of the total variation in the two populations. This statistic is also called GST, see for
example Equation (5.5) of Hahn (2018) [5]. The second definition, which we will call FHudson

ST follwing Hudson et al.
(1992) [8], considers the proportion of the variation between populations, see also Cockerham (1969) [4] and Weir
and Hill (2002) [13]. This second definition is also considered in Karlsson et al. (2007) [9], which we examine below
in Section (5.4).

To make this more formal, we can consider the probability that two haploids carry different alleles. We could consider
drawing the two haploids from the same population (with the population chosen at random), which we call πwithin;
or we could consider drawing the two haploids from different populations, which we call πbetween; or finally we
could consider drawing the two haploids totally at random from either population (potentially the same populations,
potentially different populations) which we call πtotal. See Bhatia et al. (2013) [2] for more background information
on this.

Our two definitions of FST are then

FNei
ST = 1 − πwithin

πtotal
(27)

FHudson
ST = 1 − πwithin

πbetween
(28)

If we consider a single locus with up 4 alleles, with frequencies fτp (possibly zero) with τ denoting the allele with
τ ∈ {A, C, G, T } and p denoting the population with subscripts (1) and (2), we can calculate the various πs as follows
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πwithin = 1
2

[(
1 −

∑
τ

f2
τ(1)

)
+

(
1 −

∑
τ

f2
τ(2)

)]
(29)

πbetween = 1 −
∑

τ

fτ(1)fτ(2) (30)

πtotal = 1
2πwithin + 1

2πbetween (31)

which are then used in our above definitions of FST.

5.1 Unbiased estimators of the πs

Since both definitions of FST rely on these πs, we will need to derive unbiased estimates for them. We will show
below that the following are unbiased estimators of the corresponding quantities without hats:

π̂within = 1
2

[(
n(1)

n(1) − 1

)(
C(1)

C(1) − 1

)(
1 −

∑
τ

(
cτ(1)

C(1)

)2
)

+
(

n(2)

n(2) − 1

)(
C(2)

C(2) − 1

)(
1 −

∑
τ

(
cτ(2)

C(2)

)2
)]

(32)

π̂between = 1 −
∑

τ

(
Cτ,1

C(1)

)(
Cτ,2

C(2)

)
(33)

π̂total = 1
2 π̂within + 1

2 π̂between (34)

In the following, we derive these estimators.

Unbiased estimator of π̂within

We have derived previously that

E

[(
n(1)

n(1) − 1

)(
C(1)

C(1) − 1

)(
1 −

∑
τ

(
Cτ,1

C(1)

)2
)]

=

(
1 −

∑
τ

f2
τ,1

)
,

within a single population. It follows immediately that averaging these estimators across the two populations is
unbiased for πwithin.

Unbiased estimator of π̂between

Since the two pools are independent, we have that

E [π̂between] = 1 −
∑

τ

E
[(

Cτ,1

C(1)

)]
E
[(

Cτ,2

C(2)

)]
.

The frequency of alleles within a pool is an unbiased estimate for the frequency in the population, so

E
[(

Cτ,p

C(p)

)]
= fτ,p,

showing that π̂between is unbiased for πbetween.
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Unbiased estimator of π̂total

That π̂total is unbiased for πtotal follows immediately from the definition of πtotal in Eq. (31) and the unbiasedness of
π̂within and π̂between.

5.2 Final unbiased estimators of FST per SNP and per window

These estimators then immediately suggest the following ratio estimators for the different definitions of FST:

F̂
Nei
ST = 1 − π̂within

π̂total
(35)

F̂
Hudson
ST = 1 − π̂within

π̂between
(36)

All of this has been for a single site, but we are often interested in combining information across SNPs within a
window W (or possibly genome wide). In such a case, define π̂ℓ

within to be π̂within as above but for SNP ℓ ∈ W . Define
π̂ℓ

between and π̂ℓ
total analogously. We then combine information across the SNPs in the window W as

F̂
Nei
ST = 1 −

∑
ℓ∈W

π̂ℓ
within∑

ℓ∈W
π̂ℓ

total
(37)

F̂
Hudson
ST = 1 −

∑
ℓ∈W

π̂ℓ
within∑

ℓ∈W
π̂ℓ

between
(38)

See Bhatia et al. (2013) [2] for a practical and theoretical justification for using this “ratio of averages” instead of
using an “average of ratios”. These are our asymptotically unbiased estimators for FST for Pool-seq data, which take
the finite sampling of individuals from the population, and the finite sampling of reads from each individual in the
pool, into account.

At the time of writing, we have only theoretically derived these estimators, but have not yet implemented them in
our software.

5.3 Estimator of FST as implemented in PoPoolation2

The implementation in PoPoolation2 [11] offers two ways to estimate FST: What they call the “classical” or
“conventional” approach by Hartl and Clark (2007) [6], and an approach adapted to digital data following Karlsson
et al. (2007) [9]. In this and the next section, we discuss these estimators. For comparability and historical backwards
compatibility, we however still offer both these estimators in our implementation.

Furthermore, the PoPoolation equations document explains derivations of equations for Pool-seq corrected estimators
of FST, which however to the best of our knowledge are not actually implemented in either PoPoolation nor
PoPoolation2. We here still walk through these, see Section (6).

First, we present the “classical” approach as implemented in PoPoolation2, labelled with superscript “PoPool”
here. We compute FST for two subpopulations, which we here again denote with subscripts (1) and (2), and the total
population with (T ). We expect poolsizes n >= 2.

For each SNP in a given window, PoPoolation2 computes:
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π̂PoPool
(1) =

C(1)

C(1) − 1 ·

(
1 −

∑
τ

f2
τ(1)

)
(39)

π̂PoPool
(2) =

C(2)

C(2) − 1 ·

(
1 −

∑
τ

f2
τ(2)

)
(40)

π̂PoPool
(T ) =

C(T )

C(T ) − 1 ·

(
1 −

∑
τ

f2
τ(T )

)
(41)

with

C(T ) = min
(
C(1), C(2)

)
fτ(T ) = 1

2 ·
(
fτ(1) + fτ(2)

)
These quantities are accumulated over the window W :

π̂PoPool
W (1) =

n(1)

n(1) − 1 ·
∑
W

π(1) (42)

π̂PoPool
W (2) =

n(2)

n(2) − 1 ·
∑
W

π(2) (43)

π̂PoPool
W (T ) =

n(T )

n(T ) − 1 ·
∑
W

π(T ) (44)

with

n(T ) = min
(
n(1), n(2)

)
Finally, the estimate of FSTis computed as:

F̂
PoPool
FST =

πW (T ) − 1
2

(
πW (1) + πW (2)

)
πW (T )

(45)

Because this estimator uses the minimum coverage and minimum pool size for either of the populations to calculate
πW (T ), it produces biased FST values for small pool sizes or coverages. This was also pointed out by Hivert et al.
(2018) [7]. It is therefore recommended to use the unbiased estimator presented above.

5.4 Asymptotically Unbiased Estimator of FST by Karlsson et al.

Another estimator for FST that is offered in PoPoolation2 is based on the equations used in Karlsson et al. (2007)
[9], see the last page of the Supplemental Information of Karlsson et al. for their derivation. We here briefly also go
through the derivation.

We here call this estimator using the superscript “Karlsson”, which is again defined for two subpopulations denoted
with subscripts (1) and (2). We are here only looking at biallelic SNPs. Instead of τ for the four nucleotides, we
hence use u for the major and v for the minor allele again, where u is the allele with the higher average frequency in
the two subpopulations (as opposed to the allele with the highest total count).

We start with the definition of FKarlsson
FST from Karlsson et al. for the SNPs in a window W :

11

.CC-BY-NC 4.0 International licenseperpetuity. It is made available under a
preprint (which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in 

The copyright holder for thisthis version posted February 4, 2022. ; https://doi.org/10.1101/2022.02.02.477408doi: bioRxiv preprint 

https://doi.org/10.1101/2022.02.02.477408
http://creativecommons.org/licenses/by-nc/4.0/


FKarlsson
FST =

∑
W

Nk∑
W

Dk
(46)

where the the numerator Nk and denominator Dk for a single site k in W are:

Nk = v(1) · (u(2) − u(1)) + v(2) · (u(1) − u(2)) (47)

Dk = v(1)u(2) + u(1)v(2)

= Nk + v(1)u(1) + v(2) + u(2) (48)

These are estimated as follows, using the numerator N̂k and denominator D̂k at a single site:

N̂k =
(

u(1)

C(1)
−

u(2)

C(2)

)2

−
(

h(1)

C(1)
+

h(2)

C(2)

)
(49)

D̂k = N̂k + h(1) + h(2) (50)

with two additional helpers:

h(1) =
u(1) · v(1)

C(1) ·
(
C(1) − 1

)
h(2) =

u(2) · v(2)

C(2) ·
(
C(2) − 1

)
And finally, these are used to compute the asymptotically unbiased estimator F̂

Karlsson
FST for a window W :

F̂
Karlsson
FST =

∑
W

N̂k∑
W

D̂k

(51)

According to Karlsson et al., when the coverages C(1) and C(2) (called “sample sizes” there) are equal, the estimator
reduces to the estimator of FST given by Weir and Hill (2002) [13]. Karlsson et al. further state that by the Lehmann-
Scheffé theorem [3, Theorem 4.2.2], it follows that N̂k and D̂k are uniformly minimum variance unbiased estimators
of Nk and Dk, respectively, and hence conclude that their estimator F̂ST,K is also asymptotically unbiased.

The estimator above hence follows what we called the FHudson
ST definition. It however assumes the pool size to be

infinite, that is, it is missing Bessel’s correction for pool size. Apart from that, it is identical to our estimator F̂
Hudson
ST

as explained in Section (5.2).

6 PoPoolation2 Equations Document

The PoPoolations equation document also presents some simplifications and related equations that to the best of our
knowledge are not implemented in their software. We hence do not go through them in detail here, but still want to
mention them, in case they might be useful for others.

• They present simplified versions of θπ, θw, and Tajima’s D, which assume that allele frequency distribution in
the reads is about the same as in the real population, and hence arrives at a simpler computation at the cost
of some error. These are also useful for individual sequencing.
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• As mentioned above in Section (4.1), the document presents an approach to computing Tajima’s D based on
its variance, and extends this to windows, but (to the best of our knowledge) does not implement this, and
instead implement their approach based on Achaz (2008) [1].

• They present an approach for computing FST for J pool-sequenced populations (instead of just two as presented
above), extend this approach to large regions as well as single SNPs, and introduce weights that take the number
of sequenced individuals in each population into account. More work is needed to compare this approach to
their implementation and to our novel estimators.

These alternative approaches however need further assessment and comparison to the other approaches presented
here.
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